We study multiplicity based criteria for integral dependence of modules or of standard graded algebras, known as 'Rees criteria'. Rather than using the known numerical invariants, we achieve this goal with a more direct approach by introducing a multiplicity defined as a limit superior of a sequence of normalized lengths; this multiplicity is a non-negative real number that can be irrational.
Introduction
The subject of this paper are multiplicity based criteria, also known as 'Rees criteria', for the integral dependence of modules and of standard graded algebras. Thus let, for instance, (R, m) be a Noetherian local ring of dimension d and E a submodule of a free R-module F := R e . In [9] we gave necessary and sufficient conditions for E to be integral over a submodule, that involved the notion of j-multiplicity. We defined the j-multiplicity of E as
Here the products are taken in the symmetric algebra of F, the symbol λ R (−) denotes length of R-modules and m (−) = H 0 m (−) stands for the zeroth local cohomology functor with support in m; notice that λ R ( m (−)) is finite when evaluated at finitely generated R-modules. The above limit exists and is a non-negative integer. In fact more is true -the j-multiplicity is either zero or else the normalized leading coefficient of the Hilbert polynomial of a finitely generated graded module over a standard graded Noetherian algebra over an Artinian local ring, namely F · gr (E) (Sym(F) ). This finitistic description also allows, at least in principle, for computing the limit. The j-multiplicity so defined contains the Buchsbaum-Rim multiplicity [2] and the Achilles-Manaresi j-multiplicity [1] -they are the special cases where F/E has finite length or E ⊂ F = R is an ideal, respectively.
In this paper we pursue the more direct approach of defining a multiplicity as ε(E) := lim sup
We will restrict ourselves to the case where E and F coincide locally at every minimal prime of R -the general situation requires extra care and will be treated in a forthcoming article.
Since λ R ( m (−)) is subadditive, though not additive, on short exact sequences, it follows that the sequence of non-negative rational numbers defining ε(E) is bounded above by the sequence giving rise to j (E). Thus the limit superior is finite and defines a non-negative real number ε(E) that we call ε-multiplicity of E. Moreover, ε(E) j (E), and equality holds if F/E has finite length because λ R ( m (−)) = λ R (−) is additive on short exact sequences of modules of finite length.
In the case of ideals, E = I ⊂ F = R, the question has been studied of whether the
) has a limit. The limit exists and is a rational number if I is a monomial ideal in a polynomial ring over a field, possibly localized at its homogeneous maximal ideal, see [5, 2·6] . But there are examples of one-dimensional monomial ideals I for which this limit is not an integer and in particular ε(I ) j (I ), see [4, 2·4] . The sequence also converges in characteristic zero if I is a homogeneous ideal in a polynomial ring over a field, possibly localized at the homogeneous maximal ideal, or if R is a regular local ring essentially of finite type over a field and R/I has an isolated singularity, see [3, 1·3] and [4, 1·1] . However, Dale Cutkosky has constructed defining ideals I of smooth projective space curves for which the limit is irrational, in other words ε(I ) ∈ R 0 \ Q, see [3, 2·2] ! This shows that the sequence associated to the ε-multiplicity does not have polynomial growth eventually and cannot arise from a finitely generated graded module.
Despite its rather mysterious nature, the ε-multiplicity lends itself to a Rees criterion: assume that R is equidimensional and universally catenary and that U ⊂ E is a submodule of rank e; in this case E is integral over U if and only if ε(E q ) = ε(U q ) for every prime ideal q of R. In fact, it suffices to check the equality of ε-multiplicities at the finitely many primes where U has 'maximal analytic spread' (Theorem 3·1). In general, the ε-multiplicity of a module vanishes at almost all prime ideals, but we prove, in contrast, that it does not vanish at the non-minimal primes of R where the module has maximal analytic spread (Theorem 4·4). We deduce these theorems from two, more general, results about relative ε-multiplicities of standard graded algebras -a criterion for the integral dependence of algebras in terms of ε-multiplicities (Theorem 2·3) and a theorem about the non-vanishing of ε-multiplicities in the context of algebras (Theorem 4·2). Applying these results to Rees rings one immediately obtains the corresponding statements for modules.
The relative ε-multiplicity of algebras
By a positively graded R-algebra, for R a commutative ring, we mean an N 0 -graded commutative R-algebra A with A 0 = R. Such an algebra is called standard graded if in addition A = R[A 1 ]. Now let (R, m) be a local ring and A ⊂ B a homogeneous inclusion of standard graded Noetherian R-algebras. Consider a graded B-module M generated by finitely many homogeneous elements of degree zero. For the purpose of this paper we assume that dim M = dim A. We define the relative ε-multiplicity ε(A|B, M) of A and B with coefficients in M as
Since λ R ( m (−)) is subadditive on short exact sequences, we obtain
The sum on the right-hand side gives rise to the Hilbert polynomial of m (B 1 G(M)), where G(M) denotes the associated graded module of M with respect to the B-ideal A 1 B, endowed with the 'internal grading', see [9, 2·3 and 3·1] . This polynomial has degree at most dim M − 1 and its normalized coefficient in degree dim M − 1 is called the relative j-multiplicity j (A|B, M) of A and B with coefficients in M, see [10] . Thus the sequence used in the definition of the ε-multiplicity is bounded and the limit superior is finite,
It follows from the definition of the relative j-multiplicity and [9, 3·1] that j (A q |B q , M q ) is non-zero for only finitely many prime ideals q of R and that, in fact, these primes are contracted from minimal primes in Supp G(B) (B 1 G(M)). The same holds true for ε(A q |B q , M q ) as the ε-multiplicity is bounded above by the j-multiplicity; here we assume that dim M q = dim A q for every prime q of R since this is the setting for the definition of the ε-multiplicity in the present paper. Finally we notice that if λ R (B 1 /A 1 ) is finite, then ε(A|B, M) = j (A|B, M) and ε(A|B) coincides with e(A, B) in the sense of Simis, Ulrich and Vasconcelos [7, 3·2] . In this case the sequence defining the relative ε-multiplicity converges.
In this paper we will restrict ourselves to the case where M = B. We will show that the relative ε-multiplicity can be used to detect integral dependence of standard graded algebras. We begin with two lemmas: LEMMA 2·1. Let (R, m) be a local ring and let A ⊂ B ⊂ C be homogeneous inclusions of standard graded Noetherian R-algebras of the same dimension. One has
The second inequality is an equality if B 1 /A 1 has finite length over R.
Proof. After applying
and taking length, we obtain
The second inequality is an equality if B 1 /A 1 has finite length since then B n /A n has finite length and hence H 1 m (B n /A n ) = 0. To finish the proof we divide by n dim B−1 = n dim C−1 and take limit superior. Notice that limit superior is subadditive, and that it is additive if one of the two sequences converges, as is the case when B 1 /A 1 has finite length.
In what follows we will often need to impose equidimensionality assumptions. By definition, a ring is equidimensional if all its minimal primes have the same dimension. We say that a positively graded R-algebra A is locally equidimensional if it is equidimensional after localizing at each homogeneous maximal ideal. In case R is local and A is Noetherian, it turns out that A is equidimensional if and only if it is locally equidimensional.
The next lemma is similar to [7, 2·2] Proof. Part (a) holds because A p = B p for the contraction p = P R of every minimal prime P of B. As for parts (b) and (c), notice that every minimal prime of A is contracted from a minimal prime of B since A ⊂ B. Now (b), (c) and (d) follow from the dimension formula for Noetherian graded domains [8, 1·1·2] .
We are ready to prove our main result.
THEOREM 2·3. Let R be a universally catenary ring and let A ⊂ B ⊂ C be homogeneous inclusions of standard graded Noetherian R-algebras. Assume C is locally equidimen-
sional and A p = C p for every prime p of R that is contracted from an associated prime of C. The following are equivalent:
Proof. We may localize R to assume that R is a local ring with maximal ideal m. According to Lemma 2·2(b),(c) the algebras A, B, C are equidimensional and have the same dimension, which we denote by D. Notice that any minimal prime of R is contracted from a minimal prime of A, and every minimal prime of A is contracted from a minimal prime of B. Thus we may assume that m is not contained in a minimal prime of any ring R, A, B; for otherwise m would be in a minimal prime of B, forcing the equalities A = B = C by our standing assumption. In particular we may suppose that dim R 1 and ht mA 1.
We first show the implications (i) ⇒ (iv), (v) ⇒ (iii), (i) ⇒ (ii), which do not require the equidimensionality assumption. For this part of the proof we may assume that m = q.
To prove that (i) implies (iv), we assume that B is integral over A. In this case B/A is a finite graded A-module, and hence m (B/A) is a finite A/m t A-module for some integer t > 0. It follows that λ R ( m (B n /A n )) is eventually a polynomial function in n of degree at most dim A/mA − 1. As dim A/mA − 1 D − 2, the definition of the ε-multiplicity then shows that ε(A|B) = 0.
The implication (v) ⇒ (iii) is an immediate consequence of Lemma 2·1. We now show that (i) implies (ii). In light of the implication (i) ⇒ (iv) and Lemma 2·1 we have ε(A|C) ε(B|C). Thus it suffices to prove that ε(B|C) ε(A|C). Now B is a finite module over A, and both algebras coincide locally at the finitely many primes of R that are contracted from associated primes of C. Thus there exists an element x ∈ R so that x B ⊂ A and x is in no associated prime of C, i.e., x is a non-zerodivisor on C. The containments x B ⊂ A xC ⊂ xC induce an exact sequence of graded A-modules,
The middle module is isomorphic to C/B since x is a non-zerodivisor on C, and the module on the right embeds into C/A. Thus we obtain
But (A xC)/x B is an epimorphic image of an A-ideal and hence a finite A-module. Therefore the same argument as above shows that λ R ( m (A n xC n /x B n )) is bounded above by a polynomial of degree at most D − 2. Thus indeed ε(B|C) ε(A|C).
It remains to prove that (iii) implies (i). We proceed by induction on the dimension of R, the case dim R = 0 being vacuous. According to Lemma 2·2(d) the equidimensionality of C is preserved when localizing R. Thus the induction hypothesis gives that B is integral over A locally on the punctured spectrum of R.
The ring A localized at its homogeneous maximal ideal M is universally catenary, equidimensional, and local. Therefore each of its localizations is equidimensional as well. Furthermore, every minimal prime of B is contracted from some minimal prime of C, and hence contracts to a minimal prime of A according to Lemma 2·2(a). With these assumptions, [7, 4·1] shows that if the extension A ⊂ B is integral locally at every prime of A of height at most one, then A M ⊂ B M is integral, thus so is A ⊂ B. Since the latter extension is integral locally outside V (mA), we may therefore assume that ht mA 1, hence ht mA = 1. It follows that dim A/mA = dim A−1, again because the ring A is equidimensional and catenary and the ideal mA is homogeneous. Now condition (iii) gives that ε(A|C) ε(B|C).
We consider the integral closureĀ B of A in B, which is a (not necessarily standard) graded subalgebra of B. Locally on the punctured spectrum of R, the two ringsĀ B and B coincide, thus (Ā B ) 1 1 ] does not change ε(A|C), according to the implication (i) ⇒ (ii) established above. Thus we may assume that A and B coincide locally on the punctured spectrum of R. But then B 1 /A 1 has finite length over R. Therefore ε(A|B) + ε(B|C) = ε(A|C) according to Lemma 2·1. Now the inequality ε(A|C) ε(B|C) implies that ε(A|B) = 0. Again, as B 1 /A 1 has finite length, the ε-multiplicity ε(A|B) and the multiplicity e(A, B) of [7, 3·2] coincide. The ring B is equidimensional and universally catenary. Since e(A, B) = 0, we can then apply [7, 3·3] to conclude that B is integral over A.
REMARK 2·4. The set of prime ideals q ∈ Supp R (B 1 /A 1 ) with dim A q /qA q = dim A q −1 that appears in items (iii) and (v) of Theorem 2·3 is a finite set. In fact, it is the set of primes contracted from minimal primes in V (aA) that have height one, where a denotes the annihilator of the R-module B 1 /A 1 .
This follows immediately from the fact that each ring A q is equidimensional and catenary and the ideal qA q is homogeneous; also notice that ht mA 1. REMARK 2·5. Let A ⊂ B be a homogeneous inclusion of standard graded Noetherian Ralgebras and let M be a graded B-module generated by finitely many homogeneous elements of degree zero. Assume that dim M q = dim A q for every prime q of R. Since ε(A q |B q , M q ) vanishes for almost all prime ideals q of R, we may define
where q ranges over all primes q of R with dim M q = i. Using Lemma 2·1 one can see as in [9, proof of 3·4] that three equivalent items can be added in Theorem 2·3:
The case of modules
Let (R, m) be a Noetherian local ring with dim R = d and U ⊂ E submodules of a free R-module F := R e . We assume that U p = F p for every minimal prime p of R. Consider the inclusion of standard graded R-algebras
Notice that Sym(F) is simply a polynomial ring over R in e variables and that all three algebras have the same dimension d + e. We define the relative ε-multiplicity of the pair of submodules U ⊂ E of F as
where ε(A|B) is the relative multiplicity defined in Section 2. In other words,
We may also define the ε-multiplicity of the submodule E with respect to the embedding E ⊂ F as ε(E) := ε(E|F), where ε(E|F) is the relative multiplicity defined above. Thus
is an integral extension of rings. This means that E n = U E n−1 for n 0, where the products are taken in the ring Sym(F). If E has a rank, then the algebra R[E] can be described as Sym(E) modulo R-torsion; in particular this algebra does not dependent on the embedding E ⊂ F. It is called the Rees algebra of E and denoted by R(E). If in addition (R, m) is local, one defines the analytic spread of E as (E) = dim R(E)/mR(E). The analytic spread is also the smallest possible number of generators of any reduction of E, at least when R has an infinite residue field.
Applying Theorem 2·3 to the inclusion of standard graded algebras
immediately gives the following result for modules:
THEOREM 3·1. Let R be a locally equidimensional, universally catenary Noetherian ring. Let U ⊂ E be submodules of a free module F := R e and assume that both U and E have rank e. The following are equivalent:
REMARK 3·2. For every non-minimal prime ideal q of R one has (U q ) dim R q +e−1. Thus the primes occurring in items (iii) and (v) of Theorem 3·1 are exactly the primes where the module U has 'maximal' analytic spread. There are only finitely many such primes and they can be described as in Remark 2·4.
Non-vanishing
In this section we prove, with an additional freeness assumption, that the ε-multiplicity does not vanish at the 'critical' primes that occur in items (iii) and (v) of Theorems 2·3 and 3·1. We obtain this non-vanishing result, essentially, as a formal consequence of our Rees criterion, Theorem 2·3. Proof. Suppose that ε(A|B) = 0. We write A := A : B m ∞ , which is a (not necessarily standard) graded R-subalgebra of B containing A. We now prove that A ⊂ A is an integral extension. Thus let y ∈ A be a homogeneous element of degree i 1. After rescaling the grading,
become homogeneous inclusions of standard graded Noetherian R-algebras. Every associated prime of B (i) is contracted from an associated prime of B, and therefore (A (i) ) p = (B (i) ) p for every prime p of R that is contracted from an associated prime of B (i) . Clearly B (i) is equidimensional and has the same dimension as B, and so does A (i) [y] according to Lemma 2·2(b). The definition of the ε-multiplicity readily shows that ε(
[y]) = 0 according to Lemma 2·1. Since A (i) and A (i) [y] coincide locally on the punctured spectrum of R, Theorem 2·3 now implies that
is an integral extension. Thus the element y is integral over A. Since this holds for every homogeneous element of positive degree in A and A is a graded R-algebra, it follows that indeed A ⊂ A is an integral extension.
On the other hand, ht mA 1 by our assumption, and hence there exists a minimal prime Q in V (mA) with dim A Q 1. In particular, one has ht mA Q < ht m. Thus, applying Lemma 4·1 with a := m, we deduce that the extension A Q ⊂ B Q cannot be integral. Since A p = B p for every prime p of R that is contracted from an associated prime of B, it follows that every element of B Q is multiplied into A Q by some non-zerodivisor x of the ring A Q . But this ring has dimension at most one and its maximal ideal contains m. Therefore x A Q contains a power of m. It follows that B Q = A Q : B Q m ∞ , hence B Q = A Q . Since the extension A Q ⊂ B Q = A Q cannot be integral, we conclude that A ⊂ A is not an integral extension either, contrary to what we proved above.
If the ground ring R is one-dimensional, one has to strengthen the flatness assumption in Theorem 4·2, and assume that B be a free R-algebra rather than a free R-module: REMARK 4·3. Let (R, m) be a one-dimensional local ring. Further let A ⊂ B be a homogeneous inclusion of standard graded Noetherian R-algebras with A p = B p for every prime p of R that is contracted from an associated prime of B. Assume that B is equidimensional. One has ε(A|B) 0 if and only if B is not integral over A. The latter condition obtains whenever B is a standard graded polynomial ring over R and A B.
Proof. Notice that the ring R is universally catenary because its completion is equidimensional, see [6, 31·6] . Now the first claim is an immediate consequence of Theorem 2·3. To see the second assertion, one reduces modulo the maximal ideal of R and uses the fact that a polynomial ring over a field cannot be integral over a proper subalgebra generated by linear forms.
THEOREM 4·4. Let R be an equidimensional, universally catenary Noetherian local ring of dimension d, let E be a proper submodule of a free R-module F := R
e , and assume that E has rank e. If (E) = d + e − 1, then ε(E) 0.
Proof. We apply Theorem 4·2 and Remark 4·3 to the inclusion A := R(E) ⊂ B := Sym(F). Notice that B is a polynomial ring over R and that dim A = dim B = d + e.
Since the ε-multiplicity is bounded above by the j-multiplicity, Theorems 4·2 and 4·4 also imply the non-vanishing of the j-multiplicities j (A|B) and j (E), respectively.
